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DEDICATED TO PROFESSOR RICHARD S. PALAIS 

Abstract. A new category of Lie algebras, called generalized Lie algebras, is presented such that 
classical Lie algebras and Lie-Rinehart algebras are objects of this new category. A new philosophy over 
generalized Lie algebroids theory is presented using the notion of generalized Lie algebra and examples 
of objects of the category of generalized Lie algebroids are presented. An exterior differential calculus 
on generalized Lie algebras is presented and a theorem of Maurer-Cartan type is obtained. Supposing 
that any submodule (vector subbundle) of a generalized Lie algebra (algebroid) is an interior algebraic 
(differential) system (IAS (IDS)) for that generalized Lie algebra (algebroid), then the involutivity 
of the IAS (IDS) in a result of Frobenius type is characterized. Introducing the notion of exterior 
algebraic (differential) system of a generalized Lie algebra (algebroid), the involutivity of an IAS (IDS) 
is characterized in a result of Cartan type. Finally, new directions by research in algebraic (differential) 
symplectic spaces theory are presented. 


1. Introduction 

Throughout this paper a ring is a unitary ring and a module over a ring U is a left module (except for 
a commutative ring that we consider on a module as a left and right module). 

Lie groups and Lie algebras (as linearization of Lie groups) have a vast importance in physics (for 
example in the classification of elementary particles) [18] . Lie algebras are related to Lie groups via two 
approaches, first by geometrical bridge and second by fiber bundle theory. Important applications of Lie 
algebras in physics and mechanics (see [32]) inspired many authors to study these spaces and generalized 
them to other spaces such as Lie superalgebras (these spaces are important in theoretical physics where 
they are used to describe the mathematics of supersymmetry) [22] , affine (Kac-Moody) Lie algebras (these 
spaces play an important role in string theory and conformal field theory) [23] . quasisimple Lie algebras 
[l4] , (locally) extended affine Lie algebras [1] |26| El] and invariant affine reflection algebras [28]. 

The basic idea of some branches of mathematics and physics (in particular, noncommutative geometry) 
is replacing the space M by some algebra of functions on it [10] . Therefore, in mathematical physics, 
functions and fields are more important than the manifolds on which they are defined [20] . Since the 
set of vector fields on M, i.e., xi^)j pla-ys an important role in differential geometry and x(M) is the 
same as the set of all derivations of smooth functions on M, i.e., Uer(U(M)), then many authors such 
as Dubois-Violette generalized the algebra of smooth functions to an arbitrary algebra A and considered 
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the Lie algebra Der{A) of all derivations of A as the generalization of the Lie algebra of smooth vec¬ 
tor fields m As the exterior differential operator, interior product and Lie derivative are defined on 
Der{J-{M)) and they have basic applications in mathematical physics, then it is important to introduce 
these derivatives for Der{A). This approach is well-known as ’’generalization of differential calculus from 
classical differential geometry to noncommutative geometry” lanQiin]. 

We know that an classical (usual) algebra over a commutative ring is a J^-module A for which there 
exists a bilinear (biadditive and bihomogenous) operation 

A X A —A 
{u,v) I—5- [u,v]a 

In this paper we are going to remove the condition of bihomogenity and we consider an algebra over 
a ring (not only commutative) jF as being a J^-module A for which there exists a biaditive operation 
[, ]a : a X a a. Obviously an classical .F-algebra is an J^-algebra in our direction, but the converse 
is not true. In the next, we present a Lie algebra over T as being a J^-algebra (A, [, ]a) such that the 
biadditive operation [, ]a satisfies 

LAi. [u, u]a = 0, for any u G A, 

LA 2 . [u, [u, z]a]a + [z, [u, v]a]a + b, [z, u]a]a = 0, for any u,v,z G A. 

Using the Lie J^-algebra [Der{T), [,]Der{F)) of derivations of T we introduce the notion of generalized 
Lie J^-algebra as being a J^-module A such that there exists a modules morphism p from A to Der{F) 
and a biadditive operation [, ]^ : A x A ^ A, satisfying the following condition 

[u, fv]A = /[u, v]a + p{u){f) -v, 'iu,v G A and f GT, 
such that (A, [, ]^) is a Lie J^-algebra. 

After presenting our definition of generalized Lie algebra we found that a similar definition had been 
exhibited by Palais [30] and Rinehart EH, which is called Lie d-ring or Lie-Rinehart algebra (see 
diin] for more detailes). Recall that a pair {A,F) is called a Lie-Rinehart algebra over R, where R is 
a commutative and unitary ring, (J^, [,]j^) is a commutative classical algebra over i?, (A, [, ]a) is a Lie 
algebra over R and A is the module over jz such that there exists an J^-linear Lie algebras morphism p 
from (A, [, ]a) to (Der(J'), [, ]Der(.T')) satisfies in 

[m, J ■v\a = J ■ [m, v]a + p{u){f) -v, 'iu.v G A and f GF. 

Note that in the Lie-Rinehart algebra, the means of algebra (respectively. Lie algebra) is the classical 
definition of algebra (respectively. Lie algebra). It is easy to see that a Lie-Rinehart algebra (A, J^) is 
a generalized Lie algebra over T (because (A, [, ]a) is a J^-algebra in our approach), but an arbitrary 
generalized Lie algebra is not necessary a Lie-Rinehart algebra (see Example 1 2.9 11 . 

Using the notion of generalized Lie algebra, in Section 3 we present a new philosophy over theory 
of generalized Lie algebroids. Some examples of objects of the category of generalized Lie algebroids 
are presented. Using a similar method used in 00. we propose in Section 4, a new point of view over 
extension of exterior differential calculus from classical differential geometry to noncommutative geometry 
using the notion of generalized Lie algebra. In particular, using the locally generalized Lie algebras of 
an arbitrary generalized Lie algebroid, we obtain an exterior differential calculus for generalized Lie 
algebroids. 
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Using the Cartan’s moving frame method^ there exists the following 
Theorem (E. Cartan). If TV G |Man„| is a Riemannian manifold and Xa = a G l,n is an 

orthonormal moving frame, then there exists a collection of 1-forms a,/3 G l,n uniquely defined by 
the requirements 



and 

d^(d°‘ = A 0^, a&Tffi 

where {0“,a G l,n} is the coframe (see [29], p. 151). 

It is known that an r-dimensional distribution on a manifold TV is a mapping T) defined on TV, which 
assigns to each point a; of TV an r-dimensional linear subspace Vx of T^N. A vector fields X belongs to 
V if we have X^ G for each x G TV. When this happens we write X G r(X>). The distribution 2? on a 
manifold TV is said to be differentiable if for any x G TV there exist r differentiable linearly independent 
vector fields Xi, • • • , X^ G r(2?) in a neighborhood of x. The distribution T) is said to be involutive if for 
all vector fields X,Y & T{V) we have [AT, T] G T{V). 

In the classical theory we have the following 

Theorem (Frobenius) The distribution V is involutive if and only if for each x G TV there exists a 
neighborhood U and n — r linearly independent 1-forms 0’'“'"^,-- - ,0" on U which vanish on V and 
satisfy the condition 

d^0“ = A 0^, a G r + l,n, 

for suitable 1-forms a,/3 G r -I- l,n (see [IS], p. 58). 

In Section 5, we introduce the definition of an interior algebraic (differential) system (IAS (IDS)) 
of a generalized Lie algebra (algebroid) and a characterization of the ivolutivity of an IAS (IDS) in a 
result of Frobenius type is presented in Theorem 15.91 and Corollary 15.101 respectively. In the classical 
sense, an exterior differential system (EDS) is a pair {M,I) consisting of a smooth manifold M and 
a homogeneous, differentially closed ideal I in the algebra of smooth differential forms on M (see [T] 
[131 dH 121]) ■ Extending the classical notion of EDS to notion of exterior algebraic (differential) system 
(EAS (EDS)) of a generalized Lie algebra (algebroid), then the involutivity of an IAS (IDS) in a result 
of Cartan type is presented in the Theorem 15.151 and Corollary 15.161 respectively. Indeed, in this section 
we show that there exists very close links between EAS (EDS) and the noncommutative geometry of 
generalized Lie algebras (algebroids). Finally, in Section 6, we present new directions by research in 
symplectic noncommutative geometry. 

2. Generalized Lie algebras 

In this section, we introduce the generalized Lie .F-algebras category and we present some examples 
of objects of this category. Also, we obtain some properties of objects of this new category. 

Definition 2.1. If A is a T-module such that there exists an biaditive operation 

A X A —A 
( u , u ) I —^ [u,v\a 

then we say that (A, [, ]a) is a J--algebra or algebra over T. 












4 


CONSTANTIN M. ARCU§ AND ESMAEIL PEYGHAN 


If {A, [, ]^) is a J^-algebra such that the operation is associative (commutative), then {A, [, ]a) is 
called an associative (commutative) J^-algebra. Moreover, {A, [, ]a) is called a unitary J^-algebra, if the 
operation [, ]^ has a unitary element. 

Remark 2.2. In the above definition, ij T is a commutative ring and [, ]^ is bilinear, then we have the 
classical definition of algebra over a ring. Thus every classical J--algebra is an T-algebra, but the converse 
is not true. For example if M is a manifold, then (x(M), [, ]), where 

[X,Y]if) = XiY{f))-Y{X{f)), vx,rex(M), ^f&HM), 

is an F{M)-algebra but it is not a classical algebra (only a classical M.-algebra, where K. is the field 

of real numbers). 

Definition 2.3. If iF is a ring, then the set Der{IF) of groups morphisms X : T —> T satisfying the 
condition 

X{f-g)=Xif)-g + f-X{g), VfigGX, 
will be called the set of derivations of T. 

If M is a manifold, then it is easy to check that Der{F{M)) = x(M). 

Example 2.4. If we consider the biadditive operation 

Der{F) x Der{F) > Der{F) 

{X,Y) ^ ’ 

given by 

[X, Yjneri^^if) =X{Y{f))- Y{X{f)), V/ G F, 
then {Der{F),[,]£)er(j^)) o,n F-algebra. 

Definition 2.5. If [A, [, ]a) is an F-algebra such that [, ].4 satisfies the conditions: 

LAi. [u,u]a = 0, for any u G A, 

LA 2 . [u, [u, z]a]a + [z, [u, v]a]a + b, [z, u]a]a = 0, for any u,v,z G A, 
then we will say that {A, [, ]a) is a Lie F-algebra or Lie algebra over F. 

Example 2.6. It is easy to check that the F-algebra {Der[F), [,]_ Der (. F )) is cl Lie F-algebra. 

Using Definition 1 2.5 1 we deduce the following: 

Proposition 2.7. If [A, [, ]a) is a Lie F-algebra, then we have: 

1. [u,v\a = -[v,u]a, for any u,v G A, 

2. [u, 0]a = 0, for any u G A, 

3. [—u,v]a = — [u,v]a = [u, —v]a, for any u,v G A. 

Definition 2.8. Let A be an F-module. If there exists a modules morphism p from A to Der{F) and a 
biadditive operation 

X ^ > A 

(u,v) I—[u,u]a 


satisfies in 

( 2 . 1 ) 


[U, fv]A = f[u, v]a + P{u){f) ■ V 
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for any u,v € A and f G T such that {A, [,]a ) is a Lie T-algebra, then (A, [,]a,p) is called a generalized 
Lie J--algebra or generalized Lie algebra over T. 

Example 2.9. Let T be a commutative ring. Obviously it is an J- -module. Now we consider the direct 
sum 

Der{F) ® T = {X ® f\X G Der{X), / G X}. 

If we define 

[X (B f) + (Y ® g) = {X + Y) (B if + g), h ■ {X (B f) = h ■ X (B h ■ f, 
for any X,Y G Der{iF) and f,g,h G T, then Der{IF) ® X is a X-module. Defining 

(2.2) [X(Bf,Y(B ® i^id) - y{f)), 

it is easy to see that [,]Der(j^)e^ "^s biadditive on Der[F) (B IF and so {Der{F) © 

T-algebra. Direct calculations give us 

[X G) f,X ® f]Der(j^)ej^ = ^Der{J^) © Ojr = 0Der{J^)@J^, 

and 

[X<Bf,[Y®g,Z(B + [Y(Bg,[Z®h,X(B 

-\- [Z ® h,[X ® f,Y G) g\\o,r(,T)(BT = ^Der{J^)®T- 

Thus {Der{T) © [, ® X-algebra. Now we define 

Der{X) © T —^ Der{r) 

XG)f ^ X 

for any X G Der{X) and f G J-. It is easy to check that p is a modules morphism from Der{X) (B IF to 
Der{IF). Here, we show that 

(2.3) [X(Bf,h-{Y(B =h-[X(Bf,Y(B ® /)(^) ’ (^ ® 9)- 

Using i2.‘A) we get 

[X(Bf,h-{Y(B = [X (B f, h ■ Y (B h ■ = [X,h- 

© {X{h ■g)-h- Y{f)) = {h • [X, + X{h) ■ Y) © {X{h ■g)-h- Y{f)) 

= h-[x, © h ■ {X{g) - y(/)) + X{h) ■ y © g ■ x{h) 

= h ■ ([X, © {X{g) - y(/))) + Xih) ■ (y © 5) 

= h ■ [X ® f,Y G) g\r,^r{T)(s,r + © f){h) ■ (y © g). 

Thus i2.A) holds and consequently {Der{X) © [,is a generalized Lie IF-algebra. Relation 

i2.‘A} shows that [> ]j 3 er(;p-) 0 ;(r is not IF-bilinear and consequently {Der{IF) G) IF, [> classical 

Lie algebra over IF. Thus {Der{IF) © IF, X) is not a Lie-Rinehart algebra over X. 

Proposition 2.10. If (A, [, ]yi, p) is a generalized Lie X-algebra, then p is a Lie algebras morphism from 
(A, [,]a) to {Der{X),[,]Der{j^)). 
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Proof. Let u,v,w £ A and f £JF. Since {A, [,]a) is a Lie J^-algebra, we have the Jacobi identity: 
(2.4) [[m, v]a, fw]A = [u, [p, /w] a]a - b, [u, /w]a]a. 

Using the definition of generalized Lie .F-algebra, we obtain 

[[u, v\a, fw]A = f[[u, v]a, Ha + p[u, t]a(/) • w. 


Similarly, we get 

[u, [v, /Ha]a = [u, f[v, w]a + p{v){f ) ■ w]a 

= f[u, b, w]a]a + p{u){f) ■ b, Ha 
+p{v){f) ■ [u, Ha + p{u){p{v){f)) ■ w, 

and 

[d, [u,/Ha]a = [v, f[u,w]A + p{u){f) ■ w]a 

= f[y, [u, Ha]A + p{v)if) ■ [u, Ha 

+p(H(/) • b:H a + p{v){p{u){f)) ■ w. 
Setting three above equations in p.4p and using Jacobi identity, we obtain 

p[u,v]A{f) ■ W = p{u){p{v){f)) ■ w - p{v){p{u){f)) ■ w 
= [p{u), p{v)]DeriJ^)if) ' W, 

and consequently 

P[u,v]a = [p{u), p{v)]DeriJ^)- 

Thus modules morphism p is a Lie algebras morphism from {A, [, ]a) to 
{Der{I'), 


□ 


Definition 2.11. Let {A', [, ]A',b) another generalized Lie iF-algebra. A generalized Lie iF-algebras 

morphism from {A, [,]a, p) to [A', [, ]a',H) ® Lie T-algebras morphism ip from {A, [, ]a) to {A', [, ]a') 
such that the following diagram is commutative: 

A A' 

P\ yf' P' ■ 

Der{T) 

Thus, we can discuss about the category of generalized Lie J^-algebra. 


Remark 2.12. When we consider a basis for A, we let that it is free module and when we consider a 
basis for Der{J-), we let that it is a free module also. Note that, in general, Der{J-) is not a free module. 
For example, if M is an arbitrary manifold then Der{T{M)) = xi^L) is not free module. But, if M is 
a parallelizable manifold, then Der{F{M)) = x(M) is a free module. In particular, if G is a Lie group 
then Der[F{G)) = x(G') is a free module. 

Let {9i} be a basis of the Lie J^-algebra of derivations of T and {ta} be a basis of the generalized Lie 
J^-algebra {A, [,]a,p). Then we use the notations 

P{ta) — Padi, [ta,t/3]A = ^a/3^7> ^j\Der{T) ~ 

where p^^, LA^p and G^^ belong to T. It is easy to see that and G^ = —G^^. The components 

La 0 called the structure elements of the generalized Lie J^-algebra (aI, [, ]a ,p)- Using the above 
proposition, we obtain 

LlpPj = P^^^{p^fs) - p^pdjip^J + pip^pG^j. 
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Here considering a basis for Der{J^) we present a new example of generalized Lie algebra. 

Example 2.13. Let F he a ring such that Der{F) is a free module with basis Using the 

modules morphism p : Der{F) —?> Der(F), we define the operation 

Der{F) x Der{F) —-—> Der{F) 

{x,Y) I—X • y ’ 

given by the equality X •¥ = Y'^{X o di) + p{X){Y'^)di, where Y = Y'‘di and ”o ” is the usual composition 
operation. Now, we define 

(2.5) =X.y-r.X, VX,YGDer{F). 

If X = X’-di and Y = Y^dj, then we have 

[X,Y]-^erir)if9) = = {{X^d.) • (Y^d,) - (Y^O,) • {X^d^mfg) 

= {X^Y^d, o dj + X^p{di){Y^)d, - Y^p{d,){x^)d, - X^Y^dj o di]{fg). 

Using the Liebnitz property of di and dj we get 

[X,Y]-J,^rir)if9) = {X^Y^id,dfif))+X^p{d,)iY^)dfif) - Y^p(d,)iX^)dfif) 

- X^Y^idMf))} -g + f- {X^Y^id^dfig)) + X^p{df){Y^)dfig) - Y^p{d,){x^)dfig) 

- x^Y^idMg))] = y^a,]LeK^)(/) -g + f- [x'd.. y^ 

= [X, y]LeK^)(/) ■ 9 +1-[X, y]LeK^)(ff)- 
Thus € Der{F). Moreover, if f G F, then we have 

= (X^d.) • ifY^d,) - ifY^d,) . (X^d.) 

= fX^Y^d, o d, + X^pid,)if)Y^dj + fX^p{d,)iY^)dj - fX^Y^id, o di) 

- fY^ p{d,){x^)d. = f[x, + p{x){f)Y. 

Now we check the Jacobi identity for [, ]Der(jr). Using i2. 51) we get 

[[^,>^]W),^]De.(^) = Wd.^y^djrDeri^pZ’^dkYuerir) 

= [{X^d,) . (Y^d,) - {Y^d,) . 

= [x^Y^d, o dj + x^p{d,){Yi)d, - x^Y^idj o di) - Y^p{d,){x^)d,,z>^dk]'D,r{^) 

= X^Y^Z’^di O dj odk+ X^Y^p{di){p{dj){Z’^))dk - Z’^p{dk){X^Y^)di o dj - X^Y^Z’^dk odiO dj 
+ x^z’^p{d,){Y^)dj o dk + x^p{d,){Y^)pid,)iz'^)dk - x^z^p{di){Y^)dk o d, - z^p{dk){x^p{di){Y^))d, 

- X^Y^Z'^dj od.odk- X^Y^p(dj)(p(d^)(Z'^))dk + Z^p{dk){X^Y^)dj od,+ X^Y^Z^dk o d, o d, 

- Yiz^p{d,){x^)d, o dk - Y^p{dj){x^)p{di){z>^)dk + y^ z>^p{d,){x^)dk o d, + z>^p{dk){Y^p{d,){x^))d,. 

Also we can obtain similar relations for [[L, and [[^j^]Der( 7 ^)• Using these 

relations it is easy to see that 

[[^) ^]Ler(.F)’■^]Ler(.F) + [[^> ^]Der(J^) > ^]Ler(7=') + [[^) "^]Der(J^) > ^]Der(jr) = 0. 

Thus Jacobi identity holds for this bracket. So, (Der{F), [)]^ej.(jr) 5 P) *■5 ® object of the category of 
generalized Lie algebras 
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3. Generalized Lie algebroids 

Let {E, TT, M) be an arbitrary vector bundle such that M is paracompact and let [Am] be the 
differentiable structure of te base manifold M, such that for every {U,^u) € [Am], the set U is also the 
domain of a locally bundle chart. 

For any {U,^u) G [Am], it is easily seen that F{M)\ij = ; / G E{M)} is a unitary ring with 

respect to the operations 

if\u,9\u) '—t f\u + g\u 

and 

HM)iu 

{f\u,9\u) '—t f\u ■ 9\u 

We remark that any function / G E{M) is given by the set of all its restrictions {f\u, {U,^u) G 
It follows easily that J-{M) is a unitary ring with respect to the operations 

T{M)xE{M) —^ E{M) 

if, 9 ) I—^ f + 9 ' 

and 

T{M)xE{M) T{M) 

if, 9 ) '—^ f-9 ' 

such that if + g)iu = f\u + 9\u and (/ ■ g)\u = f\u ’ 9\u, for any iU,fu) G [Am]- 

We now consider the restriction vector bundle iE\jj,Tr,U), for any iU,fu) G [Am]- We know that 
T{E^^,^^,U) is a free module over E{M)\jj. For any iU,^u) G [-4m], we derive that r{E\ij,Tr,U) is a 
J^(M)|( 7 -module with respect to the operations 

T{E^u,Tr,U)xriE\u,7T,U) T{E^u,7t,U) 

iu\U,V\u) ' S' U\u + V\u 

EiM)\uy-ViE\u,TT,U) T{E\u,Tr,U) 

if\U,U\u) I-S- f\U-U\u 

Any global section u G F(A, tt, M) is given by the set of all its restrictions {u^^, {U, ipu) G [Am]}- It is 
easy to check that F(iiS, tt, M) is a A'(M)-module with respect to the operations 

F(A,7r,M)xr(£;,7r,M) —^ F(A,7r,M) 

iu,v) I—^ u + v 

and 

FiM)xT{E,TT,M) F(A,7r,M) 

if,u) I—^ f-u 

such that [u + v)\u = u\u +v\u and (/ • u)\u = f\u ■ u\u, for any [UAu] G [Am]- 

Now, let (F', v, N) be an another vector bundle and (tp, ipo) is a vector bundles morphism from (F, tt, M) 
to [E, V, N) such that lpq is a diffeomorphism from M to N. Using the operation 

TiM) xr{E,iy,N) T{F,iy,N), 

if,z) '—^ foip-Az" 

we deduce that r(F, p, N) is a A'(M)-module. 
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Let {U,^u) £ [Am] and {V,r]v) € such that U C and let {sa,a € l,r} and {ta,a G l,p} 

be the local bases for T{E\jj and T{Fv respectively. Without restriction of generality, we 
can consider that locally we have the modules morphism 

T{E\u,^,U) > T{F\y,v,V) 

U\u=U°’Sa I-1 T{ip,(po){u\u) 

where T{ip, Po){u\u) = (u“ o ^)((^“ o 

Proposition 3.1. Let {p,rf) and {Th,h) he two vector bundles morphisms given by the diagram 

F - - —> TM -——> TN 

i U Itm iTN 

N —^ M —^ N , 

such that rj and h are diffeomorphisms. If {U,^u) G [Am] and {V,r]v) G [.4Ar] such that U C h~^{V), 
then the modules morphism T{Th o p,h o ij) is given locally by the equality 

(3-1) r(Th op, ho v){z‘^t^){fiv) = o h-^)iv, 

for any z°‘ta G T{F\v,v, V) and f G -FIN). 


Proof. Since f £ F{N), then f oh £ F{M) and we have 


We now consider that 


9f°h _ dh' _ df 7 

.i - r\ i r\ V ^ I L 

ox^ ox^ oyc 


\ K = 


dh^ 


dx^ 


Of 


F = Ai 

t 


dfoh 

dx^ 




TiTho 


where the components 6*^ are given by the equation 01 ^{AI oh ^) = which completes the proof. □ 


Definition 3.2. A generalized Lie algebroid is a vector bundle {F^ia^N) given by the diagram: 

(CUf.J iTM,[,]^^) (TVUta) 

(3.2) fv I TM Itn , 

N —^ M —^ N 

where h and p are arbitrary diffeomorphisms, {p, p) is a vector bundles morphism from {F, v, N) to 
{TM,tm,M) and 

r (F, u, iv) X r (F, V, N) > r (f, u, n) 

{u,v) ^ [a,v]p,^ 

is an operation satisfies in 

] 0 'J-v]p,^ = f[u,v]pf,^ +T{Thop,h op) {u)f-v, V/GF(iV), 
such that the 4-tuple (r(F, u, A^), is a Lie F{N)-algebra. 


We denote by {{F,v,N), [, {p,p)) the generalized Lie algebroid defined in the above. Moreover, 

the couple ([, ]f,?!,, ip,v)) is called the generalized Lie algebroid structure. 
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Remark 3.3. Note that ^ generalized Lie algebroid if and only if 

(r(F, p, N), [, ]F,h, L{Th op^ho r])), 

is a generalized Lie F{N)-algebra. This algebra will be called the generalized Lie F{N)-algebra of the 


generalized Lie algebroid {{F,^^ N),[,]F^h,{p,il))- 

Proposition 3.4. Let {F^v,N) be a vector bundle given by the diagram i3.2\} . If for any (V^pv) G 
we have a biadditive operation 


r(F|y,p,F) xr(F|y,p, y) 

{u,v) 


r T{F^y,F,V) 


\V,h 


such that the 4^-tuple {T[F\yf^,T{Th o p^h o p)) ® generalized Lie F{N)\y-algebra, then 

{{F,F,N),[,]F,h,iP^v)) *'5 a generalized Lie algebroid, where [,]f,/i is the biadditive operation given by 



T{F,F,N)xr{F,F,N) 

{u,v) 


such that [u,v]F,h\v = [u\v,y\v]Ffv,h, for any {V,py) e [.Aat]. 

Now suppose that {ta} is a local basis for the J^(N)|y-module of sections of (F^yji'jV) and we put 
[ta,tp]F^v,h = where a,fi,^ G p}. It is easy to see that L'fp = —L'p^. According to 

ProDOsition l2.10l T{Th o p,h o p) is a Lie algebras morphism ans so we obtain 



The local real-valued functions Lffo introduced in the above are called the structure functions of the 


generalized Lie algebroid {{F,f,N), [, {p^p)) (see [l]-0 for more details). 

A morphism from ((F, p, N), [, ]F,h, (p, p)) to {{F', v', N'), [, ]F',h', (p^ p')) is a vector bundles morphism 
{(p,(po) from {F,v,N) to {F',v',N') such that po is a diffeomorphism from N to N' and the modules 
morphism r((p, (po) is a Lie F'(A^)-algebras morphism from (r(F, v, N), [, ]f,?i) to 
{r{F', f',N'), [, Thus, we can discuss about the category of generalized Lie algebroids. 

Here, we present some examples of (generalized) Lie algebroids. 

Example 3.5. Any Lie algebroid can be regarded as a generalized Lie algebroid. 

Example 3.6. If {{F,f, N),[,]F,h,iPTP)) ® generalized Lie algebroid, then we consider the pull-back 

vector bundle (h*F,h*v,M). We denote by (ta)agTF natural base of the generalized Lie F{N)\y- 
algebra {T{F\y,v,V),[,]F^y,h,L{Thop,hop)), where {V,py) G [Aw]- Also, we denote by (^)igTy?t 
the natural base of the generalized Lie F{M)^f- algebra {T{TM\F,TM,U),[,]TM^i;,I'{IdTM, IdM)), where 

h* F 

{U,f,u) S [Am]- let ( p ,IdM) be the vector bundles morphism from {h*F,h*v, M) to (TM,tm,M) 
locally given by 



h* F 

P 


TM 



We consider the biadditive operation 


T{h*Fiu, h*v, U) X T{h*F\u, h*v, U) 


\U 


T{h*F\u,h*F, U) 
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df\i 


defined by 

[Ta,f\U ■ Ti3]h‘Fiu = f\U ■ (G/3 ° h)\uT^ + {Pa ° 
[f\U • Ta,Tl3]h*F^u = -[Tp, f\U ■ Ta]h*F^u, 
for any f G After some calculations, we derive that the 4-tuple 

{T{h*F\jj,h*y, ,IdM)), 

is a generalized Lie F(M)\ij-algebra. So, using the biadditive operation 


r{h*F, h*v, M) X T{h*F, h*F, M) 
{T,Z) 


r{h*F,h*v,M) 
[T, Zfi.p 


given by [T,Z]h,F\u = [Tiu, Z\u]h-F^uj for any {U,f,u) G [Am], it results that 

{{h*F,h*F,M),lU.F,{’^p'",IdM)), 

is a Lie algebroid which is called the pull-back Lie algebroid of the generalized Lie algebroid 

{{F,f, N), {p,r])). 


Example 3.7. We consider the vector bundle {TN,tn, N) given by the diagram: 


TN 
1 tn 
N 


Tv 


A- 


V 

-^ 


TM > {TN,[,]tn) 

Itm 4 - Tat 

M —^ N 


where M and N are two manifolds and h and rj are two diffeomorphisms. We denote by ita)ae— ® ^ose 
of the F{N)\y-module T{TN\y,tn,V), where {V,r]v) G [.4^^]- Now, we consider the biadditive operation 

[,]TN.^,h 

T{TN\v,tn,V)xV{TN\v,tn,V) --^ {TN\v,tn,V) 

5 

{u,v) I-S- [u,v]TN\v,h 


defined by 


[ta, f\V ■ tpjTN^v.h = (ti[(tita), ^'(/|y ' t/3)]TAf|v), 
[f\V • ta,tf3]TN^v,h = -[tp, f\V ’ ta]TN^v,h, 


where 9 := T [T [h o rf) ^,{horf) and 6 :=T{ThoTp,horf). We denoted by the natural base 

for the F{M)\i;-module T{TM\ij,tm,U), where {U,fu) G [.4m]- If [ta,t0]TN^v,h = G/ 3 ^ 7 > l^en 


Llp = d]{0lS-el^), a,/3,7Gl,n, 


where 0^, l,a G l,n, are real local functions such that 9{ta) = rind 97, j,'f G l,n are real local 

functions such that 9{-~) = 97tj. Obvious that 9{9{ta)) = ta and979f = Sy For any u GT{TN,tn,N), 
we obtain 


[u\V,U\v]TNiv,h — H[0{'>r\v),0{u\v)]TNiv) “ ^( 0 ) “ 0 - 
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Similarly, for any u,v G T(TN,T]^, N) and / G we get 

[u\v^ f\V ■ V\v]TN^v,h = S{[0{u\v), d{fv ' 1'|v)]TiV|v) = ^([6'(w|y), f\V ■ ^(^^|Y)]TW|y ) 

= ^{f\V ■ [S{u\v),S{viv)]tn^v) + ^i^iu\v)if\v) ■ Siv\v)) 

= f\v ■ S{[0 {uiv),0{viv)]tn^v) + ^iu\v){f\v) ■ 0{0{v\v)) 

= f\V ■ [u\V,V\v]TNiv,h + ()iu\v)if\v) ’ V\v ■ 

Relation a gives us 

[z\V, f\V ■ V\v]TN^v,h = flv ■ [z\V, V\v]TN^v,h + {.Z°‘° h-'^)\v) ' V\V, 
for any z,v G T{TN,tn, N) and f G -RiN). Also, relation 

d[u\v,V\v]TN^v,h = 6'(w|y)]tJV|v)} = [^(^ly), 6'(f|v)]TJV|v ) 

implies that 

[u\v, [v\v, Z\v]TN^v.h\TN^y,h = 0{[9{u\v), [(^(viv), 9 {z\v)]tN^v]tN^v)^ 

for any u,v,z G T{TN,T]s[, N). Now, using the Jacobi identity for the generalized Lie F{N)\y- algebra 
(r(riV|v^,T^,F),[,] TATjv); '^6 obtain 

[9{u\v), [0(w|y), 9{z\v)]TNfv]TN^v + [^(^iv)) [^(2^|y)) ^'('W|v)]TAr|v]TAr|v 

+ {^iz\v), [S{u\v), ^(^^|y)]TN|v]rAn, = 0, Vu, v,z G T{TN, tn, N). 

Two last equations give us 

[u\v, [v\v,Z\y]TN^v,h\TNiv,h + [z\Vj [u\Vj V\v]TNiv,h]TNiv,h 

+ [v\Vj [z\V,U\v]TN\v,h]TN\v,h = 0 , 

and so Jacobi identity holds for [,]TNiv,h- Thus, the 4-tuple 

{r{TNiY, tn,V), [, ]TN^v,h, r(r/i oTri,ho t])), 

is a generalized Lie J-{N)\y- algebra. Therefore, using the biadditive operation 

T{TN,v,N) xT{TN,v,N) > T{TN,v,N) 

{u,v) I-^ [u,v]TN,h 

given by [u,v]tnmv = [u\v,v\Y]TN^v,h, for any {V,r]Y) e it results that 

{(TN,tn, N), [, ]TN,h, (Trj, 77)), 


is a generalized Lie algebroid. 

For any difeomorphisms rj and h, new and interesting generalized Lie algebroids structures for the 
tangent vector bundle {TN,Tf,j, N) are obtained. In particular, using arbitrary isometries (symmetries, 
translations, rotations,...) for the Euclidean 3-dimensional space E, and arbitrary basis for the module of 
sections we obtain a lot of generalized Lie algebroids structures for the tangent vector bundle (TE, te, E). 
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Example 3.8. Let {{F,v,N),[,]F,{p,IdN)) he a Lie algebroid, {U,^u) € [.Aat] and {V^pv) G [-^n] 
such that U C h~^{V). We denote by ita)aeTn ^b-e natural base of the generalized Lie iF{N)\Y-algebra 
{r{Fiv,,z, ^)) [) ]f|v j r(p,/(iAr)). //ft. G Diff{N), then we consider the biadditive operation 

^{F\vW, V) 

5 

[u\v ,V\v]f^v ,h 

defined by 

(3-3) [ta, f\V ■ td]F^v,h = f\V • [ta,tf3]F^v + Pai^B^ ° b~^)\V ' tp, 

and 


r(F|y,u,E) xr(F|v,u, E) 

{u\v,v\v) 


nv- 


[f\V ' l'a,tfj]F^Y,h — [tfij f\V ' ta]F^v,h^ 

for any f € Easily, we obtain [f^y • ta, /iv ■ ta]F^v,h = 0 and consequently 


[u\v,u\v]F^v,h = Q, \/u &T{F,v,N). 
Since {{F,v,N),[,]F,{p,IdM)) is a Lie algebroid, then 


[ta, [tp, t 7 ]F|v]E|v' “1“ [^ 7 , [ta, t/SjEivlFn/ + [t/3, [^ 7 , ta]F|y]F|y 0, 


which gives us 


(3.4) 


dL^p^ o ft 


9L% o ft 


LlA + o ft-^)|u + L%L^,e + Pzi^^ ° ^-^)| 

D r S _ L 

+ L%L^,,+p^i^^oh-^)^y=0, 


where pl^ and L^^ are real-valued functions defined on U. As 


we get 


r(Tft O p, h)[ta, t/3]F|v = r(Tft, ft)[r(p, LdM)ta,L{p, IdN)tp\TN\v 

= [r(rft, ft) o r(/9, idnfia, r(Tft, ft) o r(p, idN)tp\TN^v 

= [r(rft o p, h)ta, r(Tft o p, ft)tp]TA|v ^ 


t 


V 

d>t'^ ^ Q: Q^j ^/3 Qj^j 


( dh 




^ ^ dx^ 


y / dh^ rA 7i —I'l ^ _ (nj nj ^P^\f dh" 

t 

T'< = 9~3 ^ -03 2 £^ 

apPz ^OLQ^j 

Llpp'; = pPaP^ ° b-^)\v - Ppi^^ ° h-^)\\ 


d 


{Lip o hfip'f o h) 


{Pi°b) 


dp^oh 

dx^ 


{pp O ft) 


^Pa 

dx^ 


(3.5) 
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Using /TOP we get 

[ta, [tp, f\V't'r]Fiv,h]Fiv,h = f\V Pct( Q^i ° ^ )|Y-^/ 37 ^S 

+ ° + pU%^ ° h-^)\vLi^te 

i,^Pp°P' ,_iN ,dfoh , ■ 9 .dfoh , 


and 


[f\vt'yT[l'aitp]Fiv,h\F^v,h — f\vL^pL^gt^ L^pPg{ oh )\vt'r 

■ ° P 1 

+ f\vplr{ Q^i oh )\vt 0 , 


[tp^ [f\vt'yUa]Fiv,h]Fiv,h - flvLjaLpgtgi “ P}{ L , ° h ^)\vLl^^tg 


g .fdpioh 

- Pai Q^j °P' )\vLpjt9 - Pp[ 
d ,df o h 


P ^)|y( 


dfoh 


dx^ ' dx^ 


h 


Summing above three equations and using {S.f^ and iS. 51) imply that 

[taj [tpt /|V^7]F|y "I” [/|y^7) [^aj ^yfl] F| y ,Ii]F| y ,/i 

+ [^/3i [f\vt'r,ta]Fiv,h]Fiv,h = 0. 


So, we obtain 


[u\v, [v\v, Z\v]f\v Af^v ,h + [z\v, [^(|y,l’|Y]F|y,h]F|v,/i 

+ [z\V,'U‘\v]F^v,h]F^v,h = 0 , 


for any u,v,z € T{F,v, N). Therefore, the 4-tuple (r(F|y, p, F), [, ]F|y,?i) is a generalized Lie J^(A^)|y- 
algebra. Moreover, using the biadditive operation given by 


r(F,i.,A^) xr(F,p,iV) 

{u,v) 


[.]F,h 


r{F,F,N) 

[u,v]F,h 


given by [u,v]F,h\v = [u\v,F\v]Ffy,h, for any {V,pv) G [An], we derive that {{F,f,N), [,]fa, {Tp o p,p)) 
is a generalized Lie algebroid. 


We remark that for any Lie algebroid {{F, v, N), [, Jj;’, {p, LdN)) and for any h G Diff{N) we obtain a 
new generalized Lie algebroid ((F, p, N), [, ]f,/i, {p, IdA)- 

In the future we will use the same notations for the global Lie bracket and local Lie bracket, but we 
understand the difference with respect to the context. 


4. Exterior differential calculus 

In the next we consider F as a commutative ring. In this section, we propose an exterior differential 
calculus in the general framework of a generalized Lie algebras. Note that for any q G N* we denote by 
(Eg, o) the permutations group of the set { 1 , 2 , • • • , 17 }. 
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Definition 4.1. Let {A, [,]a,p) he a generalized Lie algebra. A q-linear operation 

A^ T 

(zi,--- ,Z,) I-^ ,Zq) 

such that 

w(z<^(i), • • • , z^(g)) = sgn{a)uj{zi, ■■■ , Zg), 

for any zi, • • • ,Zq € A and for any a € Ylq, will be called a form of degree q (or q-form) and the set of 
q-forms will be denoted by A9(A). 

Using the above definition, if w G A‘?(A), then w(zi, • • • , z, • • • , z, • • • ,Zq) = 0. Therefore, if w € A9(A), 
then 

W(^l, • • • ,Zq)= -W(Z1, • • • ,Zg,--- ,Zi,--- , Zq). 

Proposition 4.2. If q gN, then A'^{A) is an T-module. 

Definition 4.3. //w € A‘^{A) and 9 G A’'(A), then the {q + r)-form uj A9 defined by 


(4.1) 


U) A 0(^Zi , • • • , Zq-\-r) — ^ ^ ; ' * * i ^<7(q)) ' ^{^cr(q-\-l) i ' ' ' i ^(T(q+r )) 

<7(g + l)<- • • <cr(q+r) 

I/*! ^ ;'^cr(g) ) * ^('^(7(g'+l) 5 * * ' ^ ^(7{q-\-r)) i 


for any zi, • • • , Zg+r G A, will he called the exterior product of the forms w and 9. 
Using the above definition, we obtain 

Theorem 4.4. Let f G F, uj,uj G A^(A), 9,9 G A'’(A) and rj G A®(A). Then we have 


ujA9 = (-!)«■’■ 6» Aw, if ■uj)A9 = f ■{ujA9)=ujA{f-9), 
{u! + ui)A9 = ujA9 + u)A9, ujA{9 + 9)=ujA9 + ujA9, 
{lv A 9) A rj = CO A {9 A rj). 


Theorem 4.5. If we set 

A(A) = © A«(A), 

q>0 

then (A(A), a) is an associative classical F-algehra. This algebra will he called the exterior algebra of the 
F-algebra {A, [,]^). 

If {t“, a G l,p} is the cobase associated to the base {ta, a G l,p} of the J^-algebra {A, [, ]a), then 
for any q G l,p we define exterior forms of the type A • • • A t"’, such that 1 < Oi < • • • < Og < p. 
The set 

A • • • A f"" 11 < Ol < • • • < Oq < p} , 
is a basis for the J^-module A9(A). Therefore, if w G K^{A), then 


w = A • • • A f""*. 

In particular, if w is an exterior p-form, then it can be written as 

UJ = f -t^ A ■■■ AfP, 


where f G F. 
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Definition 4.6. For any z ^ A, the operator 

AiA) A{A) , 


defined by 


Mf) = p{z){f), V/G 


(4.2) L:,U){zi, ■■■ ,Zq)= p[z){u:{zi, • • • , Zq)) - ^Uj{{zi, ■■■ ,[z, Zi\A, ■■■ , Zq)), 

i=l 

for any w G A'^ (A) and , • • • ,Zq G A, will be called the covariant Lie derivative with respect to the 
element z. 


Theorem 4.7. If z € A, lu € A'^(A) and 9 G A’’(A), then 


L A — L^uj A ^ “t- w A Lz9. 
Proof. Let zi, • • • , Zg+r G A. (14.11) and (14.21) give us 


Lz{uj A9){zi, - ■ ■ ,Zq+r) = p{z){{u} A9){zi,--- ,Zq+r)) 


q+r 


- A 9)({zi, ■■■ ,[z, Zi\A, ■■■ , Zq+r)) 


= p{z)i sgn(cr)w(z<,(i),--- ,z^(g)) ■0(z<,(g+i),--- ,Z^(g+^))) 

cr(l)<-<cr(g) 

<Tiq+l)<---<cr{q+r) 

q+r 

-^(W A6»)((zi,-- - ,[z,Zi]A,--- ,Zq+r)). 

2=1 


Therefore we get 


L^(a; A 9){zi, • • • , Zq+r) = ^ sgn{a)p{z){uj{z„(^i), • • • , z^(g))) 

cr(l)<---<cr(g) 

cr(q+l)<---<cr(q+r) 

■ 6»(z<^(g+i), • • • , Za(g+r)) + X! sgn{a)uj{z^(^ip- ■ ■ , Z„(q)) 

cr{l)<---<cr(q) 

(T(q+1) <■ ■ ■ <a(q+r) 

■ P{z){0{za(q+i)+-- ,z„(q+r))) - sgn{a) 

o-(l)<---<(T(g) 

Q 

^ ^ ^(-^(7(1) 1 ‘ 5 -^( 7 ( 2 )] A: * * ' j ^o'(q) ) ' ^('^(T(g+1) : * ‘ ; ^(7{q-\-r) ) 


2=1 


q+r 


sgn{a) ^ a;(z^(i),-- - ,z^(g)) 

cr{l)<---<a(q) i=q+l 

<r(q+l)<---<tT(q+r) 

^('^cr(g+l) j ‘ * 5 -^(7(1)] Aj ‘ * j -^(T{g+r)): 
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and consequently 


L^{uj A6){zi,-■ ■ ,Zg+r) = ^ sgn{a)L^uj{za(i),-■ ■ ,z^(^q)) 

<T{q+l)<---<<T{q+r) 

q+r 

' ^{Za(q+1) j ' ' ' ) ■2(T((j+r) ) “1“ ^ ^ ^ ^ ^('2cr(l) j ’ ‘ ' )'2^<T(g)) 

o’(l)<-"<<T(g) i=g+l 

o-(q+l) <■ ■ ■ <a-(q+r) 


' Lz&{Za{q+l)T ‘ ' }Za(q+r)) 

= {LzUJ A 0 + W A Lzd){zi, • • • , Zq+r)- 


□ 


Definition 4.8. For any z G A, the operator 

K{A) — A(A) 

A«(A)9a; i—;> € A«"i(A), 

given by 

(4.3) izUj{Z 2 , ■■■ ,Zq) = Uj(z, Z2, • • • , Zq), 

for any Z 2 ,‘-- , Zq € A, is called the interior product associated to the element z. Moreover, for any 
f G J-, we define izf = 0 . 

Theorem 4.9. If z € A, then for any uj £ A'^(A) and 9 € A’’(A) we obtain 

(4.4) i^i^oj a9) = izijJ A9 + (—l)®a; A izO. 

Proof. Let Zi, - • ■ , Zq+r £ A. Then using the above definition we get 


izi{iw A9 ){z 2, - ■ ■ ,Zq+r) = {u A 9){zi, Z 2 , ' ■ ' ,Zq+r) 

= E sgn{a)u{z,z(i),--- ,Z^(q)) ■9{z,z(q+i),--- ,Z,z(q+r)) 

a{l)<---<a{q) 

a{q+l)<---<(7{q+r) 

SQTt{j7^U){^Z\ , - 2 ^( 7 (2) 5 * ’ ' ; ^( 7 {q) ) ' ^(,^a{q-\-l) 5 ' ’ ' 5 ^a'{q-\-r) ) 

1—(T(l)<cr(2)<---<(7(q') 

CT(g+l)<---<(T(g+r) 

+ E sgn{a)u){z,z(^i),--- ,Zcr(q))-9{zi,Z,z(^q+2),--- ,Za(q+r)) 

a(l)<---<<T{q) 

l=a(q+l)<a(q+2)<---<a{q+r) 

E '^1/^(^)^2 i^('^(t( 2) 5 * * ' 5'^cr(g)) ■ ^('^cr(g+l) 5 * * * 7 ^(T(q+r)} 

<T(2)<---<<T(g) 

'’■( 9 +1) <■■■ <<’■(<?+>') 

+ E sgn(a)uj(z,z(l),- ' ' , Za(q)) ■ 'izid{Za(q+2), ■ ’ ' , Za(q+r))- 

a-{l)<...<tT{q) 

<T(q+2)<---<a-{q+r) 

In the second sum, we have the permutation 


a = { ^ 

cr(l) 

tot', where 

q 9+1 

q -\- 2 

q + r ^ 
a{q + r) 

a{q) 1 

cr{q + 2) ■ 

T = ( 

9+1 

q -\- 2 ■ ■' 

' 

1 a(l) 

cr{q) 

a{q + 2) ■■■ 

cr(g + r) 
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and 

_1 2 q q+1 q + 2 ■■■ q + r 

2 3 ■*• q 1 1 q 2 •*• q v 

Since r(2) < ■ • • < r(q + 1) and t' has q inversions, it results that 

sgn{a) = {-iysgn{T). 

Therefore 

(w A 9){Z2, ■■■ , Zq+r) = A 9){Z2, ■■■ , Zq+r) 

T( 1)'^ X/ sguir) • Lo(^Z-r(2)i ' ' ' ) •ZT(g)) ■ *Z1 ^(■ZT(g+2) J ■ ■ ■ ^ ^T{q+r)) 

r(2)<-<T(g) 

T(q+2)<---<T(q+r) 

= {iz^Ul A 0){Z2, • • • , Zq+r) + (-l)'^(w A iz^9){z2, • • ' , Zq+r), 
which completes the proof. 


Theorem 4.10. For any z,v € A, we have 


(4.5) Fy O iz Ly - 

Proof. Let oj € A'^{A). Then 

iz{LyUj){z2, ■■■Zq) = LyUj{z, Z2, • • • Zq) 

= P{v){uj{z, Z2, • • • , Zq)) - aj{[v, z]a, Z2,--- , Zq) 
q 

-T,^iiz,Z2,--- ,[v,Zi]A,--- ,Zq)) 
i=2 

q 

= p{v){izUj{z2,--- ,Zq)) - J2'i-zUj{z2,--- ,[v,Zi]A,--- , Zq) 

1=2 

*[t;,z] A (-^2, ■ ■ ■ , Zq) = {Ly (iz^v) ) (Z2 , ’ ' ' , Zq), 

for any Z 2 , ■ ■ ■ , Zq € A. 

Definition 4.11. If f € jz and z G A, then the exterior differential operator is defined by 

(4.6) d^f{z) = p{z)f. 


Theorem 4.12. The operator 


A? (A) 

LO 


A«+i (A) 
d^uj 


defined by 


(4.7) 


d^Uj{zo, Zl, • • • ,Zq) = ^ (-l)V(Zi)(w(zo, Zl,--- ,Z„--- , Zq)) 

+ Y.{-^y^^^{[Zi,Zj\A,Zo,Zi,--- ,Zi,--- ,Zj,--- ,Zq), 
i<j 


for any zq, zi, ■ ■ ■ ,ZqGA, is unique with the following property: 


□ 


□ 


(4.8) 


Lz = d^ o iz + iz o d^, Vz S A. 
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Proof. At first we prove that the equation (14.81) holds. We get 

{izo ° d^)uj{zi, ■■■ ,Zq) = d-^Uj{zo, Zl, • • • , Zq) 

q 

= p{zi){^{z0, Zl, ■ ■ ■ ,Zi,--- ,Zq)) 

i=0 

+ X! i-^y~''^^il^^’^ 3 ]A,Zo,Zl,--- ,Z^,--- ,Zj,--- ,Zq) 

0<i<j 

= P(zo)(w(zi,-- - ,Zq)) 

q 

+ '^{-^yP(.Z^){uJ{zo, Zl, • • • , Zi, • • • , Zq)) 

q 

+ '^{-^yi^{[zo,Zi\A,Zl,--- ,Zj,-- - ,Zq) 

+ X! i-^y'''^^il^-^^^j]A,Zo,Zl,--- ,Zi,--- ,Zj,--- ,Zq), 
l<i<j 

which gives us 

o d^)uj{zi, ■■■ ,Zq) = p{zo){uj{zi, • • • , Zq)) 

q 

- ^a;(zi, • • • , [zo, Zi\A, ■■■ ,Zq) 

q 

- Y^{-^y~^P{Zi){izo^{{zi, • • • , Zi, • • • , Zq))) 

~ ^ ^ (~1) izo^{.{\ZiT Zj\A-, Zl, ■ ■ ■ , Zi, ■ ■ ■ , Zj, ■ ■ ■ , Zq)) 

l<i<j 

= (A^o -d^ O i^q)ui[zi, ■■■ , Zq), 

for any zo,zi, • • • ,Zq £ A. Thus (14.81) holds. Now, we verify the uniqueness of the operator d^. Let d'^ 
be an another exterior differentiation operator satisfying the property (14.81) . We consider the set 

S={ge Nld^w = d'^uj, Voj £ A«((F, v, N))A} , 

and we let z £ (A, [, ]^ ,p). We observe that (14.81) is equivalent with 

(4.9) ij, o [d^ — d'^) + {d^ — d'^) oi^ = 0. 

Since izf = 0, for any f G T, it results that 

{d^ - d'^){f){z) = 0, WfGJz. 

Therefore, we obtain 0 £ S'. We now prove that if g £ S then g + 1 £ S. Let w £ Ap+^(A). Since 
izOJ £ A^(A), using the equality (|4.9I) . it results that 

iz o [d^ — d'^)uj = 0, 

which implies ((d^ — d'"^)oj){zo, zi, ■ ■ ■ , Zq) = 0, for any zi, • • • ,Zq £ A. Therefore = d'^oj. Namely 
g + 1 £ S. Thus the Peano’s Axiom implies that S = N. Therefore, the uniqueness is verified. □ 
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The operator given by Theorem 14.121 will be called the exterior differentiation operator for the exterior 
differential algebra of the generalized Lie iF-algebra (A, [, ]^ ,p). Using (14.711 we deduce that if a; = 
A • • • A t"" € A'J(A), then 


d Uj{taa,tan ' ' ' ^ 1) (^aor" ) 

i=0 

+ Y,{-iy+^L 

i<j 


ciictj ■ ^a,ao,--- ,aj ,■■■ ,aq- 


Therefore, d^uj has the following locally expression: 




'ao,--- ,ai---aq 


j2{-iy+^L: 

i<j 


aiOii ' ^Oi 


-—^ ^ f^o A A • • ■ A 

,Oij ,■■■ ,ag I ^ 


Theorem 4.13. The exterior differentiation operator has the following properties: 


(i) d^{uj A9)=d^ujA9 + {-Iffuj A d^9, Vw e A'?(A), V6» e A’-(A), 


(ii) Lzod^ = d^oLz, Vz S A, 


{Hi) d^ o d^ = 0. 


Proof, (i) Let 


S = {qG N|d^(a; A9)=d^ujA9 + (-l)«a; A d^9, Vw e A«(A)} . 


Since 


d^ifAoj){z,v) = d^{f-oj){z,v) 

= p{z){f‘^{v)) - p{v){foj{z)) - fuj{[z,v]A) 

= piz){f) ■ w(p) + / ■ p{z){uj{v)) 

-p{v){f) ■ Uj{z) - f ■ p{v){uj{z)) - fuj{[z, v]a) 

= d^f{z) ■ Lu{v) — d^f{v) ■ uj{z) + f ■ d^uj{z, v) 

= {d^f A 0J){Z, v) + (-1)0/ • dMz, V) 

= {d^f A w)(z, v) + (—1)0(/ A d^uj){z, v), Vz, v G A, 
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then we deduce 0 G S'. We now prove that if g G S, then q + 1 € S. Without loss of generality, we 
consider that 6 G A'^( 2 l). Then we get 

d^{uj A 9){zo, Zi,--- , Zq+r) = Izq ° A 9){zi, • • • , Zq+r) 

~ d\ 9') (^Zl ^ ‘ ' , Zg_|_^) d izq (cu A (zi, • • • , Zqj^z'^ 

~ {d-'ZQ^ A ^ + ca A Lzq9^(^Zij * * • , Zg_|_^) 

o {i^gUi A9 + A izq9)\{zi,- • • ,Zq+r) 

= {LzqUJ A9 + UJ A Lzo9 - {d^ o A 9){zi, • • • , Zq+r) 

-{{-l)'^~'^izoOJ A d^9 + (-l)«d'^a; A izo9){zi, ■■■ , Zq+r) 

-(-l)^«a; Ad^oi^p6*(zi,-- - ,Zq+r) 

= {{LzqU: - d^ O izqUj) A 9){zi, ■■■ , Zq+r) 

+0; A {Lzqd - d^ oi^^9){zi, ■ ■ ■ ,Zq+r) 

+ {{-iyizoUj A d^9 - {-lyd^ijj A izo9){zi,- ■ ■ ,Zq+r) 

= [{{izo ° d^)uj) A9+ (-1)9+A izo9]izi, ■■■ , Zq+r) 

+ [w A {{izo ° d^)d) + {-d^izo^ A d+6»](zi, • • • ,Zq+r) 

= [izo{d^uj A9) + {-iyizo{u} A d^9)]{zi, ■ ■ ■ ,Zq+r) 

= [d^ut A9 + (—l)9a; A d^9]{zi, • • • , Zq+r), 

for any zq, zi, - ■ ■ , Zq+r G A, which gives us g + 1 G S. Thus using the Peano’s Axiom we deduce S = N. 
(ii) Let z G A and we consider 


S = {q G N|(L 2 o d^)uj = {d^ o Lz)uj, Vw G A9(A)} . 

If / G then we get 


A o 

Lz)f{v) 

— 

0 (d^ o Lz)f = 

{iv o 

d^)c 

>Az/ 


{Lo 

oLz)f ■ 

-{{d 

+ oio) 0 Lz)f 





{Lo 

oLz)f ■ 

- Liz 

Ma/ + d^o ii^ 

MaI 

-d^ 

o Lz{i 

J) 

{Lo 

oLz)f ■ 

- Liz 

,v]Af + d^o ii^ 

.^Ia/ 

-0 



{Lo 

oLz)f ■ 

- Liz 

v]a/ + d^o ii^ 

.-wIa/ 

-Lz 

o d^{i. 

J) 

{Lz 

o iy){d^- 

7)- 

A[z,i,]^/ + d+ ( 

3 i[z,v 

]a/ 




= {io o Lz){d^f ) + L^zMaI - ^zMa! 

= ivO {Lz o d^)f = {Lz o d^)f{v), Vv G A, 


which results that 0 G S. We now show that if g G S, then g + 1 G S. Let cj G A9(A). Then 
{d^ o Lz)uj{zo, Zl, • • • ,Zq)=izoO {d^ O Lz)u}{zi, ■■■ ,Zq) 

= {izo ° d^) ° Lz^ai{zi, ■■■ ,Zq) 

= [{Lzo o Lz)uj - {{d^ o izo) ° Lz)^]{zi, ■■■ ,Zq) 

= [{Lzo oLz)u}- L[z,zo]A‘^]izi,--- ,Zq) 

+ [d^ o i[z,zo]A^ - d^ o Lz{izoi^)]{zi, - ■ ■ ,Zq). 
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Using (ii) in the above equation we obtain 

(c? O -2^1 j * * * 7 ~ [(-^^0 ^ ^[z,zq\a^\ ('^1 ? * * ‘ •) ^q) 

+ [d^ o HzMa^ - L^o d^{i^„uj)]{zi, ■■■ ,Zq) 

= [{Lz o i,g){d^uj) - i[z,zo]A^ + d^ o ■■■ ,Zq) 

= [(^zo O Lz){d^U}) + i[z,zo]A^ - -^[z.zoIa^K^I^ ■■■ 

= izo ° {Lz o d^)uj{zi, ■■■ ,Zq) 

= {L^ O d^)uj{zo, Zl, • • • , Zq), Vzo, Zl,--- ,Zq€ A, 

which implies 9 + 1 G S'. Using the Peano’s Axiom we result that S = N. 

(iii) It is remarked that 

U o (d^ o d^) = {iz o d^) o d^ = LzO d^ — {d^ o i^) o d^ 

= Lz o d^ — d^ o Lz + d^ o {d^ o i^) = (d^ o d^) o 
for any z G A. Now, let uj G A'^(A). Then we get 

(d^ o d^)a;(zi, • • • , Zq+2) = iz,+2 o ■ ■ ■ o iz^ o {d^ o d^)uj 
= *z;,+2 o{d^od^)oiz^+-,{u}{zi,--- ,Zq)) 

= iz,+2 o {d^ o d^){ 0 ) = 0, Vzi, • • • , Zq+2 G A. 

□ 


Theorem 4.14. If d^ is the exterior differentiation operator for the exterior differential iF-algebra 
(A(A),A), then we obtain the structure equations of Maurer-Cartan type 

(4.10) dV“ = 

where {t“} is the coframe of the Lie algebra (A, 


Proof. Without restriction of generality, we admit that the set of indices of the base of A is ordered. Let 
a be arbitrary. Since 

dV“(t,g,^) = -L^^, V/ 3 , 7 , 

then 


(4.11) 


d^t°‘ = -J2 L^^ t^ A t'f. 


/3<7 


Since L‘^^ = —Lf^p and t^ A = —f^At^, it results that 


(4.12) 

(14.111) and (14.121) imply (14.101) . 




/3<7 


□ 


Equation (14.101) will be called the structure equations of Maurer-Cartan type associated to the gener¬ 
alized Lie J^-algebra (A, [, J^t,^). 

Corollary 4.15. If d^ is the exterior differentiation operator for the exterior differential J^(fV)-algebra 
(A(F, IZ, N), a), then locally we obtain the structure equations of Maurer-Cartan type 

d^t“ = AC, a G l,p. 


(Cl) 
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and 

(C2) = zG 

where G l,p} is the coframe of the vector bundle {F,v,N). 


This equations will be called the structure equations of Maurer-Cartan type associated to the generalized 
Lie algebroid In the particular case of Lie algebroids, (rjjh) = (IdM, Idm), the 

structure equations of Maurer-Cartan type become 

(Cl) d^t°‘ = AF, a G T~p, 

and 

(Cl) d^x^ = PaF, z G l,m. 

Also, in the particular case of standard Lie algebroid, p = IdTM, the structure equations of Maurer- 
Cartan type become 

(C") dF^dx'' = 0, z G 1,TO, 

and 

(Of) d^’^x'' = dx^, z G 1,TO. 

Definition 4.16. For any generalized Lie F-algebras morphism ip from {A,[,]a,p) to {A', p') we 
define the application 

A? (A') ^ A‘i{A) 

oj' I— ip*uj' 

where 

{if*Uj'){zi,- ■■ ,Zq)= U}'{p{Zl), • • • , p{Zq)), 

for any Zi,--- , Zq € A. 

Theorem 4.17. If p is a generalized Lie F-algebras morphism from (A, [, ]a,p) to (A', [,]a',p'), then 
(z) p*{oj' A 9') = p*uj' A p*9'^ (zz) iz{p*F) = p*{iq,(^z'iUj'), (Hi) p* o d^ = d^ o p*, 
where z G A, w' G A^(A') and 9' G A’’(A'). 

Proof. Let w' G A®(A') and 9' G A’’(A'). Then we get 

P*{F A 6<')(zi, • • • , Zq+r) = (w' A 9'){p{zi), • • • , p{Zq+r)) 

= sgn{a) ■ uj'{p{zi),-■ ■ ,p{zq)) ■ 9'{p{zq+i),-■ ■ ,p{Zq+r)) 

(TG Sq_|_r 

= sgn{a)-p*oj'{zi,--- ,Zq)p*9'{Zq+l,--- ,Zq+r) 

(TG 2q-(-r 

= {p*u;' A p*9'){zi,- ■ ■ , Zq+r), 
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which results (i). 

Let z € A and w' G A'^(A'). Then we obtain 

iz(‘P*Uj')(z2, ■■■ ,Zq)= Uj'{(p{z), (fiz 2 ), ' ' ' , (p{Zq)) = V(z)w'((p(22), ’ ' ' , ViZq)) 

= ‘P*{iv{z)(^'){z2,--- ,Zq), 

for any Z 2 , -'' jZq G A. Thus (ii) holds. 

Let oj' G A'^(A') and Zg, ■ ■ ■ , Zq G A. Then we deduce 


and 


((p*d^ uj')(zo, ■■■ ,Zq) = (d^ uj'){ip{zg), • • • , ^p{Zq)) 

= E p'{v{Zi)) ■ Uj'{{^{zo), (p{zi), ■■■ , ip{z^), ■■■ , (fiiZq))) 

+ E {pilZz, Zj]A), ipizo), (p{zi), ■ ■ ■ ,(p{Zi),--- ,ip{Zj),--- ,(p(Zq)), 

0<i<j 


d^((p*uj')(zor- ,Zq) 

= E i-^YpiZi) ■ {p*i^'){z0, ■■■ ,Zi,--- ,Zq) 

2=0 

+ E {-^y~''^ ■ {‘P*^'){[Zi,Zj]A,Zo,--- ,Zi,--- ,Zj,--- ,Zq) 

0<i<j 

= E i-^YpiZt) ■ Uj'{p{zo), ■■■ , ^piz^), • • • , p{Zq)) 

2=0 

+ E ■ iZl'{p{[z^,Zj\A),p{zg),p{zi), - ■ ■ - ,ip{zj),--- ,p{Zq)). 


0<i<j 

Two above equations imply (iii). 


□ 


Let uj G A'^{A). If d^oj = 0, then we say that w is dosed exterior q-form. Also, if there exists 
ry G such that uj = d'^ry, then we say that oj is exact exterior q-form. For any q G 1, n we denote 

by Z‘^(A) and B‘^{A), the set of closed exterior g-forms and the set of exact exterior g-forms, respectively. 
Indeed we have 

Z«(A) = {we A‘?(A)|d^u; = 0}, 

B\A) = {to G A\A)\3r) G A’>-\A) s.t. d^ry = w} . 

Definition 4.18. If {{FjV, N),[,]F^h, ip,q)) is a generalized Lie algebroid, then the exterior differential 
calculus of its generalized Lie J-{N)-algebra is called exterior differential calculus of the generalized Lie 
algebroid {{F,v,N), [,]F,h, {p,v))- 

5. Interior and exterior algebraic/differential systems 

Let {A, [, ]a, p) be a generalized Lie J^-algebra such that dim^ A = p and {{F, n, N), [, ]F,h, {p, v)) be a 
generalized Lie algebroid. 

Definition 5.1. Any F-submodule E of the F-module A will be called interior algebraic system (IAS) 
of the generalized Lie F-algebra (A, [,]a,p). 

Remark 5.2. If E is an IAS of the generalized Lie F-algebra (A, [, ]^, p), then we obtain an F-submodule 
E^ of the F-module A* such that 

E° G A*|fl(u) = 0, Vu G A} . 
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The J^-submodule will be called the annihilator J^-submodule of the interior algebraic system E. 

Definition 5.3. Any vector subbundle {E,Tr,M) of the pull-back vector bundle (h*E,h*v, M) will be 
called an interior differential system (IDS) of the generalized Lie algebroid 

N), {p,r])). 

In particular, ii h = IdM = rj, then we obtain the definition of IDS of a Lie algebroid (see [5]). 
Remark 5.4. If {E,Tr, M) is an IDS of the generalized Lie algebroid 

then we obtain a vector subbundle of the vector bundle {h*F,h*iy, M) such that 

T{E°, 7r°, M) € r{h*F, h*v, M)\n{S) = 0, VS* € r{E, TT, M)| . 

The vector subbundle (E^, 7r°, M) will be called the annihilator vector subbundle of the interior differential 
system {E, tt, M). 

Easily we can deduce the following proposition: 

Proposition 5.5. If E is an IAS of the generalized Lie E-algebra {A, [, ]a, p) such that E = {si, ■ ■ • ,Sr), 
then there exist 0’’+^, • • • ,0p G A* linearly independent such that E^ = • • • , 0^) . 

Proposition 5.6. If (E,t:, M) is an IDS of the generalized Lie algebroid 

((F,U, N), [,];’,/,, {p,p)), 

such that for any {U,fu) € [Am] we have T{E\u,'k,M) = {Si,Sr), then there exist 0’'“'"^,0^ € 
T{h*F\ij,h*v,U) linearly independent such that r(Ej(^, 7r°, [/) = 0^) . 

The interior algebraic system E of the generalized Lie J^-algebra 
{A,[,]a,p) is called involutive if [u,t]a G E, for any u,v G E. Also, the interior differential system 
{E, TT, M) of the generalized Lie algebroid 

{{F,iy,N), [,]F,h, {p,v)), 

is called involutive if [S,T]h*F G T{E,Tr, M), for any S', T G T{E,tt,M). Using these definitions, we can 
deduce the following properties: 

Proposition 5.7. If E is an IAS of the generalized Lie E-algebra 

{A, [, ]a, p) and {si, • • • , s^} is a basis for the E-submodule E then E is involutive if and only if [sa, Sh]A G 
E, for any a,b € 1, r. 

Proposition 5.8. Let {E,'x,M) be an IDS of the generalized Lie algebroid 

{{F,V, N), {p,p)). 

If for any iU,f,u) G [Am] there exists a basis {Si,..., Sr-} for the E{M)\ij-submodule T{E\ij ,Tr,U), then 
{E,Tr,M) is involutive if and only if 

[Sa,Sf,]h^F,^€T{E^u,7r,U), 

for for any a,b € 1, r. 
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Theorem 5.9. (Frobenius type) Let E he an interior algebraic system of the generalized Lie E-algebra 
(A, p). If {0’'“'"^, • • ■ ,9^} is a basis for the annihilator submodule , then E is involutive if and only 

if there exist 

LUp G A^(A), a,P Gr + l,p, 

such that 

(5.1) A 9^, aG r+l,p. 

Proof. Let {si, • ■ • , s^} be a basis for the J^-submodule E and we suppose that s^+i, ■ ■ ■ , Sp G A such 
that 

{si,-- - , Sr, Sr-i-i, • • • ,Sp}, 

is a basis for the J^-module A. Also, let 9^,■■■ ,9^ G A* such that 

{9\---,9\9^+\---,9P}, 

be a basis for the J^-module A*. For any a,b G 1, r and a, (3 S r + l,p, we have the equalities: 

9<^{sk) = 6l 0“(sp)=O, 0“(S6)=O, r(sp)=(5|. 

We remark that the set of the 2-forms 

{6»“ A 6»“ A 6»“ A a,bGT^ Aa,p G r + l,p} , 
is a base for the J^-module A^(A). Therefore, we have 

(5.2) A r + A9^ + Ep<^C^^9P A 9^, 

where, and a,b,c G l,r A a,/3,7 G r + l,p are components such that = — A“j, and 

= -Cf)p. Using the formula 

(5.3) d-^9°‘{sb, Sc) = p{sb){9°‘isc)) - p(sc)(6»“(s6)) - 6»“([sb, Sc]a), 
we obtain 

(5.4) A'^^ = -9°‘{[sb,Sc]A), y{b,c G l,r Aa G r + l,p). 

We admit that E is an involutive IAS of the generalized Lie J^-algebra (A, [,]a,p). Since [st,,Sc]A G 
E, \/b,c G l,r, then it results that 0“([st,, Sc]a) = 0, where a G r-|-l,p. Therefore A))^ = 0, and 
consequently 

d^9°^ = A9''< + A 9'^ 

= {B^^0b + ^C^^9P)A9\ Va,/3,7efTT;^. 

Setting 

a;“ B^^9^ + G Ai(A), 

in the above equation the necessity condition of assertion proves. Conversely, we admit that there exist 
a;| G A^(A), a,l3 Gr + l,p, such that 

(5.5) d^r =E^gP^a;^A0^. 

Using the affirmations (15.21) . (15.31) and (15.51) we derive that 


Aj^ = 0, V6, c G 1, r, VaGr-l-l,p. 














EXTERIOR DIFFERENTIAL CALCULUS IN GENERALIZED LIE ALGEBRAS (ALGEBROIDS) CATEGORY 


27 


Thus using (15.41) . we obtain 

0°^{[sb, Sc]a) = 0, V(6, c G T^r A a e r + l,p), 

which gives us 

[sb,Sc]A G E, \/b,c G l,r. 

Therefore from previous proposition we deduce that E is involutive. □ 

Corollary 5.10. (of Frohenius type) Let (E,tt,M) be an IDS of the generalized Lie algebroid 
((F, u, iV), [, (p, 77 )). If for any (U,f,u) S there exists the basis {0’"+^, ..., 0^} for the E{M)\u- 

submodule r(Fj|^, [/), then {E,Tr,M) is involutive if and only if there exist 

G A\h*Fiu, h*v, U), a,l3€ r + l,p 

such that 

^ 0 / 3 ^ ^ g r+l,p. 

Definition 5.11. An E-submodule I of the Lie E-algebra (A, [, ]a) sueh that [u,v]a G I, for any u G A 
and V €l, is called the ideal of the Lie E-algebra (A, [, ]a)- 

Remark 5.12. If E is a E-submodule of the Lie E-algebra (A, [, ]a) ond 

n 

X— ideal 
X D E 

thenI{E) is an ideal of the Lie E-algebra (A, [, ]a) which is called the ideal generated by the E-submodule 
E. 

Definition 5.13. An ideal X of the exterior algebra of the generalized Lie E-algebra (A, [, ]a,p) closed 
under differentiation operator d^, namely d^X Cl, is called a differential ideal of the generalized Lie 
F-algebra (A, 1]a,p)- 

Let T be a differential ideal of the generalized Lie F-algebra (A, [, ]^,p). If there exists an interior 
algebraic system E such that for all /c G N* and w G I (~l A^(A) we have uj{ui, ■ ■ ■ ,Uk) = 0, for any 
ui, - ■ ■ ,Uk G F, then we will say that X is an exterior algebraic system of the generalized Lie F-algebra 
(A [,]a,p)- 

Definition 5.14. Any ideal X of the exterior differential algebra of the pull-baek Lie algebroid 

{{h*E,h*FM),[,]h^F,('7,IdM)) 

elosed under differentiation operator df namely df ^X C F, will be called a differential ideal of the 
generalized Lie algebroid ((F, u, N), [, (p, v))- 

Let I be a differential ideal of the generalized Lie algebroid ((F, u, N), [, Jf./i, {p, v))- If there exists an 
IDS (F, TT, M) such that for all fc G N* and w G F n h^{h*F, h*u, M) we have uj{ui, ..., Uk) = 0, for any 
ui,...,Uk G T(E,tt, M), then we will say that F is an exterior differential system of the generalized Lie 
algebroid 

((F,u, N), (p,77)). 

In particular, if h = IdN = p, then we obtain the definition of the EDS of a Lie algebroid (see[5]). 
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Theorem 5.15. (Cartan type) The interior algebraic system E of the generalized Lie E-algebra 
(A,[,]a,p) is involutive, if and only if the ideal generated by the E-submodule is an exterior al¬ 
gebraic system of the same generalized Lie E-algebra {A, [,]a,p)- 

Proof. Let E be an involutive interior algebraic system of the generalized Lie J^-algebra {A, [,]a,p) and 
let {0’'+^, • • ■ , be a basis for the J^-submodule £1°. We know that 

T[E°) = {a;„ A {w,+i, • • • , a;p} C A«(A)} . 

Let (? S N and {wr+i, • • • , Wp} C A'^(A). Using Theorems 14.131 and 15.91 we obtain 

d^(a;aA6»“) = A A 

= (d^w„ + (-lV«+i Awf)Ad“. 

Since 

d^w„ + (-iVf' A a;f G A«+2(A), 

then we get d^(a ;/3 A 0^) G T{E^), and consequently d^T{E^) C X{E^). 

Conversely, let E be an interior algebraic system of the generalized Lie d^-algebra (A, [, ]a,p) such 
that the J^-submodule X{E°) is an exterior algebraic system of the generalized Lie J^-algebra (A, [, ]a, p). 
Suppose that - ,9^} is a basis for the J^-submodule E^. Since d'^X{E°) C X{E°), then there 

exist ujp G A^(A), a, /3 G r + l,p, such that 

d^r = S^g^a;^Ad'5Gl(U0). 

Using Theorem 15.91 it results that E is an involutive interior algebraic system of the generalized Lie 
d^-algebra (A, □ 

Corollary 5.16. The interior differential system {E,tt,M) of the generalized Lie algebroid 

((F,l/, N), (p,??)), 

is involutive, if and only if for any iU,f,u) G [Am] the ideal generated by the E{M)\u-submodule 
7r°, t/) is an EDS of the same generalized Lie algebroid. 

6. New directions by research 

We know that a generalized Lie J^-algebras morphism from (A, [,]a,p) to (A', [,]a',p') is a Lie E- 
algebras morphism p from (A, [,]a ) to (A', [, ]a') such that p' o p = p. 

Definition 6.1. An algebraic symplectic d^-space is a pair {{A,[,]a, p),oj) consisting by a generalized 
Lie E-algebra (A, [,]a,p) and a nondegenerate closed 2-form w G A^(A). 

If ((A', [,]a', p'),oj') is an another generalized symplectic J'-space, then we can define the set of mor- 
phisms from ((A, [, ]a, p),oj) to ((A', [,]a' , p'),u)') as being the set of generalized Lie d^-algebras morphisms 
p such that = w. So, we can discuss about the category of algebraic symplectic d^-spaces as being 

a subcategory of the category of generalized Lie d^-algebras. An algebraic study of objects of this category 
is a new direction by research. 
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It is known that the set of morphisms from ((F, u, iV), [, (p, i?)) to ((F', u', A^'), [, Jf'./iG (p^ pO) 

is the set of vector bundles morphisms ((/?, (/jq) from (F, u, TV) to (F',u',TV') such that tpo is diffeomor- 
phism and the modules morphism (/jq) is a Lie F(A^)-algebras morphism from (r(F, u, A^), [, Je./i) to 
(r(F', u', A^'), [, ]E',/t') (see [B]). We can define the differential symplectic spaee as being a pair 

(((F,u, N), {p,r])),uj), 

consisting of a generalized Lie algebroid ((F, n,N), [, {p,il)) and a nondegenerate closed 2-form uj G 

Af{F,v,N). If (((F', u', At'), [, (p^pO))tu'), is an another differential symplectic space, then we can 

define the set of morphisms from (((F, u. At), [, ]f,/i, (p, p)), w) to (((F', u', At'), [, ]f',Ii', (p^ v')),^') as being 
the set of generalized Lie algebroids morphisms ((p, po) such that 

(p,<Po)*(w') =UJ. 

So, we can discuss about the category of differential symplectic spaces as being a subcategory of the 
category of generalized Lie algebroids. The study of the geometry of objects of this category is an 
another direction by research. 
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